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A discrete space is totally disconnected; the set of rational numbers and
the set of irrational numbers are totally disconnected, by (2.2.16) and
(3.19.1).

(3.19.5) In order that a metric space E be locally connected, a necessary
and sufficient condition is that the connected components of the open sets
in E be open.

The condition is sufficient, for if V is any open neighborhood of a point
x 6 E, the connected component of x in the subspace V is a connected
neighborhood of x contained in V, hence E is locally connected. The condition
is necessary, for if E is locally connected and A is an open set in E, B a con-
nected component of A, then for any x e B, there is by assumption a connected
neighborhood V of x contained in A, hence V e B by definition of B, and
therefore B is a neighborhood of every one of its points, hence an open set.

(3.19.6)    Any nonempty open set A in the real line R is the union of an at
most denumerable family of open intervals, no two of which have common
points.

From (3.19.1) and (3.19.5) it follows that the connected components
of A are intervals and open sets, hence open intervals. The intersection
A n Q of A with the set Q of rational numbers is denumerable, and each
component of A contains points of A n Q by (2.2.16); the mapping r -* CO)
of A n Q into the set G of the connected components of A is thus surjective,
and therefore, by (1.9.2), (E is at most denumerable,

(3.19.7)    Let f be a continuous mapping of E into E''; for any connected
subset A of E, /(A) is connected.

Suppose/(A) = M u N, where M and N are nonempty subsets of/(A),
open in /(A) and such that M n N = 0; then, by (3.11.4), A n /"'(M)
and An/~!(N) would be nonempty sets, open in A and such that
A = (An/"I(M))u(An/"l(N))and(An/"1(M))nrAn/"1(N)) = 0,
contrary to assumption.

(3.19.8)       (Bolzano's theorem)   Let E be a connected space, f a continuous
mapping of E into the real line R. Suppose a, b are two points off(E) such, the connected components (in the subspace A) of the points of the
